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1. This paper elaborates the problem of optimum saving first discussed by Frank Ramsey in 1928 [4] . For this purpose a centralized, closed economy is postulated; it is assumed to be adequately described by the aggregative model first closely analyzed by Solow [51. 2 The social welfare to be maximized is then represented by the total of the discounted utility of consumption per capita, where a general concave utility index is employed. Within this framework it is demonstrated that there is a unique optimum growth path, and the qualitative nature of this path as well as its relation to the golden rule growth path are discussed.
2. The basic premises of our model can be described as follows: A single homogeneous output, Y(t), is produced with the use of two homogeneous factors, labor, L(t), and capital goods, K(t), under the direction of a central planning board. The technically efficient possibilities for production, which are unchanging over time, are known to the planning board and are summarized in an aggregate production function. This relation exhibits constant returns to scale, positive marginal productivities, and a diminishing marginal rate of substitution. In addition, it is known that roundaboutness in production is extremely productive when capital is relatively very scarce, while capital saturation only occurs when capital is relatively very abundant. If we denote by lower case letters quantities measured in terms of labor, these assumptions about production can be represented by The labor force and population both grow exogenously at the positive rate n. Hence, quantities measured in terms of the labor force are equivalent, but for a scale factor y, to quantities per capita. As the central planning board has the authority to require all able persons to work, by assumption (2) the whole labor force will always be productively employed.
Current output constitutes the only source of new goods to this closed economy, and it can either be used to satisfy current consumption requirements, in which case it is instantaneously consumed, or added to the capital stock, in which case it depreciates at the fixed positive rate ,. Letting c(t) be the rate of current consumption per capita, and 1 Work on this paper was supported by a Haynes Foundation Dissertation Fellowship and under a grant from the NSF to Stanford University. Guidance and criticism by Professor H. Uzawa and the useful comments of a referee are gratefully acknowledged.
After the original version of this paper was completed, a very similar analysis by Koopmans [1] came to our attention. We draw on his results in discussing the limiting case, where the effective social discount rate goes to zero. z(t) the current rate of gross investment per capita, the allocation alternatives available at time t yield the relations (7) lim U'(c)= c, one differentiable generalization of the necessity of avoiding extremely low levels of consumption per capita. We emphasize that (7) entails that an optimum path will never specify a zero level of consumption per capita. The utility index is time invariant. However, along with population growth, the central planning authority recognizes that consumption tomorrow is not the same thing as consumption today. For this reason, it takes the politically pragmatic view that its planning obligation is stronger to present and near future generations than to far removed future generations. This view is implemented in practice by discounting future welfare at a positive rate greater than the population growth rate, p > n, rather than by short term planning-as the central planning authority also recognizes that, for any finite planning period, terminal capital simply represents the feasible growth paths and hence potential welfare beyond the horizon.
Finally, then, the social welfare associated with any particular feasible growth path is given by the functional representing total welfare Thus, on any feasible growth path it must be true that k < max (k(0), k) < oo.
5.
We are now in a position to describe, for the benefit of the central planning board, the unique optimum growth path. It is instructive to begin by ignoring the historically given initial capital-labor ratio, and to ask whether there is any path which satisfies all the other optimality conditions. Clearly, one such path is the non-trival singular solution to the pair of differential equations (5) [8] . However, as they both assume that the utility index is simply consumption per capita, we can assert that the introduction of a diminishing marginal rate of substitution between generations' welfare has intrinsic merit. The subsidiary results-first, that even in our extremely simplified economy the behavior of the optimum gross saving rate is ambiguous, and second, that though we eschew the (somewhat artificial) foreseeable bliss level of Ramsey [4] , it reappears in a different guise when we attempt to interpret the limiting optimum path-are also noteworthy. Finally, our (also somewhat artificial) positive effective social discount rate glosses over a difficult problem, the proper weighting of future generations in the concept of social welfare, in particular, when the population is growing. This appears a worthwhile area for further study.
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